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Abstract 

We consider the inverse problem of the detection of a single body, 
immersed in a bounded container filled with a fluid which obeys the Stokes 
equations, from a single measurement of force and velocity on a portion 
of the boundary. We obtain an estimate of stability of log-log type. 
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1 Introduction. 

In this paper we deal with an inverse problem associated to the Stokes system. 
We consider C M", with n = 2,3, with a sufficiently smooth boundary d^l. 
We want to detect an object D immersed in this container, by collecting mea- 
surements of the velocity of the fluid motion and of the boundary forces, but 
we only have access to a portion F of the boundary dil. The fluid obeys the 
Stokes system in il\D: 

diY a{u,p) =0 in ^\D, 

div li = in fi\-D, q ^\ 

u = g on r, 
u — on dD. 

Here, 

a{u,p) = ii{Vu + Vu^) ~ pi 

is the stress tensor, where I denotes the n x n identity matrix, and /i is the 
viscosity function. The last request in is the so called "no-slip condition" . 
We will always assume constant viscosity, fi{x) = 1, for all x G fl\D. We observe 
that if {u,p) e H\r2\!D) x L'^{Q\D) solves (fill) , then it also satisfies 

Alt - Vp = 0. 
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Call V the outer normal vector field to dVl. The ideal experiment we perform 
is to assign g £ H2 (F) and measure on F the normal component of the stress 
tensor it induces, 

a{u,p) ■ V = ip, (1-2) 

and try to recover D from a single pair of Cauchy data (gr, ip) known on the ac- 
cessible part of the boundary F. Under the hypothesis of 90 being of Lipschitz 
class, the uniqueness for this inverse problem has been shown to hold (see [6]) 
by means of unique continuation techniques. For a different inverse problem 
regarding uniqueness of the viscosity function /i, an analogous uniqueness result 
has been shown to hold, under some regularity assumptions (see [H]). 
The stability issue, however, remains largely an open question. There are some 
partial "directional stability" type result, given in [9] and [6l. This type of re- 
sult, however, would not guarantee an a priori uniform stability estimate for the 
distance between two domains that yield boundary measurement that are close 
to each other. In the general case, even if we add some a priori information 
on the regularity of the unknown domain, we can only obtain a weak rate of 
stability. This does not come unexpected since, even for a much simpler system 
of the same kind, the dependence of D from the Cauchy data is at most of 
logarithmic type. See, for example, [5] for a similar problem on electric con- 
ductivity, or |18) . |19j for an inverse problem regarding elasticity. The purpose 
of this paper is thus to prove a log-log type stability for the Hausdorff distance 
between the boundaries of the inclusions, assuming they have C^'" regularity. 
Such estimates have been estabilished for various kinds of elliptic equations, for 
example, [2], [1], for the electric conductivity equation, |18] and [19] for the 
elasticity system and the detection of cavities or rigid inclusions. For the latter 
case, the optimal rate of convergence is known to be of log type, as several coun- 
terexamples (see [T] and [5]) show. The main tool used to prove stability here 
and in the aforementioned papers ([2], [18], [19]) is essentially a quantitative 
estimate of continuation from boundary data, in the interior and in the bound- 
ary, in the form of a three spheres inequality, see Theorem 14. 1[ and its main 
consequences. However, while in [5] the estimates are of log type for a scalar 
equation, here, and in [TB] and [IH], only an estimate of log-log type could be 
obtained for a system of equations. The reason for this is that, at the present 
time, no doubling inequalities at the boundary for systems are available, while 
on the other hand they are known to hold in the scalar case. 
The basic steps of the present paper closely follows [18], [19], and are the fol- 
lowing: 

1. An estimate of propagation of smallness from the interior. The proof of 
this estimate relies essentially on the three spheres inequality for solutions 
of the bilaplacian system. Since both the Lame system and the Stokes 
system can be represented as solutions of such equations (at least locally 
and in the weak sense, see [3] for a derivation of this for the elasticity 
system), we expected the same type of result to hold for both cases. 
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2. A stability estimate of continuation from the Cauchy data. This result 
also relies heavily on the three spheres inequality, but in order to obtain 
a useful estimate of continuation near the boundary, we need to extend 
a given solution of the Stokes equation a little outside the domain, so 
that the extended solution solves a similar system of equation. Once the 
solution has been properly extended, we may apply the stability estimates 
from the interior to the extended solution and treat them like estimates 
near the boundary for the original solution. 

3. An extension lemma for solutions to the Stokes equations. This step re- 
quires finding appropriate conditions on the velocity field u as well as for 
the pressure p at the same time, in order for the boundary conditions to 
make sense. In Section 5 we build such an extension. We point out that, 
if we were to study the inverse problem in which we assign the normal 
component ip of the stress tensor and measure the velocity g induced on 
the accessible part of the boundary, the construction we mentioned would 
fail to work. 

The paper is structured as follows. In Section 2, we state the apriori hypotheses 
we will need throughout the paper, and state the main result. Theorem 12.11 
In Section 3 we state the estimates of continuation from the interior we need, 
Propositions 13. 1[ 13. 2[ and Propositions 13.31 and 13.41 which deal, in turn, with 
the stability estimates of continuation from Cauchy data and a better version 
of the latter under some additional regularity hypotheses, and we use them for 
the proof of Theorem 12. II In section 4, we prove Proposition 13.11 and 13.21 using 
the three spheres inequality. Theorem 14.11 Section 5 is devoted to the proof of 
Proposition 13.31 which will use an extension argument. Proposition 16. 1[ which 
will in turn be proven in Section 6. 

2 The stability result. 
2.1 Notations and definitions. 

Let X e M". We will denote by Bp{x) the ball in M" centered in x of radius 
p. We will indicate x = (xi,...,x„) as a; = (a;',x„) where x' — {xi . . . Xn-i). 
Accordingly, B'p{x') will denote the ball of center x' and radius p in R"^^. We 
will often make use of the following definition of regularity of a domain. 

Definition Let C M" a bounded domain. We say F C dfl is of class C*-'-" 
with constants po, Mq > 0, where fc is a nonnegative integer, a € [0, 1) if, for 
any P e F there exists a rigid transformation of coordinates in which P — 
and 

OnBpo(O) = {{x',Xn) e Bp,{0) S.t. Xn > ^{x')}, (2.1) 
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where </? is a real valued function of class C'^'"(S^^(0)) such that 

(^(0) = 0, 
V<p{0) =0, if fc > 1 

When = 0, a = 1 we will say that F is of Lipschitz class with constants po, 
Mo. 

Remark We normalize all norms in such a way they are all dimensionally 
equivalent to their argument and coincide with the usual norms when po = 1. 
In this setup, the norm taken in the previous definition is intended as follows: 

k 

WvWc.o'iB'^^iO)) = Xl^oll-CVIUoo(B^Jo)) +pS"^"|£'''</?|a,B^^(0), 

where | • | represents the a-H61der seminorm 

U.B' (0) = sup J ' 

and D'^ip = is the set of derivatives of order k. Similarly we set 



Minn) = i l^' 

Po Jn 

Mu^in) = ^(f u' + plj |V«p). 

Po^Jn Jn ' 

The same goes for the trace norms ll^lljji^gQ^ ^'^^ dual norms ||M||H-i(n)) 
llwll _i and so forth. 

We will sometimes use the following notation, for /i > 0: 
fi/j = {a; e n such that d[x, 90) > /i}. 

2.2 A priori information. 

Here we present all the a priori hypotheses we will make all along the paper. 

(1) ^ priori information on the domain. 

We assume f2 c R" to be a bounded domain, such that 

dfl is connected, (2.2) 

and it has a sufficiently smooth boundary, i.e., 

dQ is of class C^'" of constants po, Mo, (2.3) 
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where a G (0, 1] is a real number, Mq > 0, and po > is what we shah treat as 
our dimensional parameter. In what follows v is the outer normal vector field 
to d^l. We also require that 

\n\ < Mip^, (2.4) 

where Mi > 0. 

In our setup, we choose a special open and connected portion F C dfl as being 
the accessible part of the boundary, where, ideally, all measurements are taken. 
We assume that there exists a point Po G T such that 

dnnBp„{Po) CT. (2.5) 

(2) A priori information about the obstacles. 
We consider D C H., which represents the obstacle we want to detect from the 
boundary measurements, on which we require that 

fl \ D is connected, (2-6) 

dD is connected. (2-7) 
We require the same regularity on D as we did for il, that is, 

dD is of class C^'" with constants po, Mq. (2.8) 

In addition, we suppose that the obstacle is "well contained" in il, meaning 

d{D,dn)>pQ. (2.9) 



Remark We point out that, in principle, assumptions ()2.3|) . (|2.8|) and (j2.9p 
could hold for different values of po- If that were the case, it would be sufficient 
to redefine po as the minimum among the three constants; then (|2.3p . (|2.4I) and 
(|2.8p would still be true with the same po, while we would need to assume a 
different value of the constant Mi in (|2.4[) accordingly. As a simple example, if 
n = Bi{0), and D = ^1/2(0), then ([Q]) is true for every po < 1, while ([2^ 
and ()2.9|) is true for all po < 1/2, so po would be assumed to be less than 1/2. 

(3) A priori information about the boundary data. 

For the Dirichlet-type data g we assign on the accessible portion of the boundary 
F, we assume that 

genHdQ), g^O, ^2 10) 

supp g cc F. 

As it is required in order to ensure the existence of a solution, we also require 

gds = 0. (2.11) 



'an 

We also ask that, for a given constant _F > 0, we have 

llsll 



< F. (2.12) 

lL2(r) 
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Under the above conditions on g, one can prove that there exists a constant 
c > 0, only depending on Mq, such that the following equivalence relation 
holds: 

\\3Khir)^\\fKhdn)^''\\9\\^hivy (2.13) 
2.3 The main result. 

Let n C M", and T d dn satisfy ^I^-^X^. Let A C VL, for i = 1,2, satisfy 
(|2.6p - (|2.9p . and let us denote by 51^ = $7 \ Di. We may state the main result as 
follows. 

Theorem 2.1 (Stability). Let g G H^(r) he the assigned boundary data, sat- 
isfying li2Jm - Jitm . Let e iV-iVLi) solve (Op for D = Di. Lf for e>0,we 
have 

po\\a{ui,pi) ■v~(t{u2,P2) ■ < e, (2.14) 

then 



d-H{dDi,dD2) < pouj 




(2.15) 



where ui : (0, +cxi) — > K"*" is an increasing function satisfying, for all < t < ^: 

ujit)<C{\og\logt\)-^. (2.16) 
The constants C > and < /3 < 1 only depend on n, Mq, Mi and F. 



2.4 The Helmholtz-Weyl decomposition. 

We find it convenient to recall a classical result which will come in handy later 
on. A basic tool in the study of the Stokes equations (ll.ip is the Helmholtz-Weyl 
decomposition of the space L^(r2) in two orthogonal spaces: 

L^{n)^HQ)H^, (2.17) 

where 

H ^ {ue L^in) : div u = 0, u\an = 0} 

and 

H-^ = {ue L^{n) :3p€li\n) -. u = Vp }. 

This decomposition is used, for example, to prove the existence of a solution of 
the Stokes system (among many others, see [TT). 

From this, and using a quite standard "energy estimate" reasoning, one can 
prove the following (see [T3] or [3T], among many others): 
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Theorem 2.2 (Regularity for the direct Stokes problem.). Let m > —1 an 

integer number and let E C M" be a bounded domain of class C" , with r = 
niax{m + 2, 2}. Let us consider the following problem: 

div a {u,p) =f in E, 

dWu =0 in E, (2.18) 
u = g on dE, 

where f E H™(i?) and g G H™'^^ (E). Then there exists a weak solution 
{u,p) G H™+^(£^) X H™^^{E) and a constant cq, only depending on the regu- 
larity constants of E such that 

||w||h™+2(£;) + Pq\\p-Pe\\h"^+^e) < co(po||/||h'"(£;) + llffllH^+f (ob))' (2.19) 

where pE denotes the average of p in E, pE — /gP- 

Finally, we would like to recall the following version of Poincare inequality, 
dealing with functions that vanish on an open portion of the boundary: 

Theorem 2.3 (Poincare inequality). Let E C M" be a bounded domain with 
boundary of Lipschitz class with constants po, Mq and satisfying ^2.4^ . Then 
for every u G H^(i?) such that 

u = Q on dEnBp^{P), 

where P is some point in dE, we have 

\\u\\-L-{E)<Cpo\\^u\\j^2(^E), (2.20) 
where C is a positive constant only depending on Mq and Mi . 



3 Proof of Theorem 12.1 



The proof of Theorem 12.11 relies on the following sequence of propositions. 

Proposition 3.1 (Lipschitz propagation of smallness). Let E be a bounded 
Lipschitz domain with constants po, Mq, satisfying ^2.4^ . Let u be a solution to 
the following problem: 

div a{u,p) —0 in E, 

divu ==0 in E, (3.1) 
u — g on BE, 



where g satisfies 



g&n-^idE), 5^0, (3.2) 
gds = 0, (3.3) 



dE 
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< (3.4) 

for a given constant F > 0. Also suppose that there exists a point P G dE such 
that 

g^O on dEnBp,{P). (3.5) 

Then there exists a constant s > I, depending only on n and Mq such that, for 
every p > and for every x € Esp, we have 

I iVupdx >Cp I iVupdx. (3.6) 

JBpix) JE 

Here Cp > is a constant depending only on n, Mq, Mi, F, pq and p. The 
dependence of Cp from p and po can be traced explicitly as 



c 



(3.7) 



exp 

where A, B , C > only depend on n, Ado, Mi and F. 



Proposition 3.2 (Lipschitz propagation of smallness up to boundary data). 
Under the hypotheses of Theorem \2.1[ for all p > 0, if x G (fii)(s_|_i)p, we have 
fori = 1,2; 

-4^ f |Vu,pdx>Cp||.g|P (3.8) 

where Cp is as in Jg. 7| ) (with possibly a different value of the term C), and s is 
given by Provosition \3.1\ 

Proposition 3.3 (Stability estimate of continuation from Cauchy data). Under 
the hypotheses of Theorem \2.1\ we have 

I iVuip <C|l9|p 1 I (3.9) 



|Vu2p<q|5llLi...^ ^ (3.10) 



where lo is an increasing continuous function, defined on and satisfying 

io{t)<C{\og\\ogt\Y' (3.11) 

for all t < e^^ , where C only depends on n, Mq, Mi, F , and c > only depends 
on n. 
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Proposition 3.4 (Improved stability estimate of continuation). Let the hy- 
potheses of Theorem \2.1\ hold. Let G he the connected component of f2i n U,2 
containing T , and assume that dG is of Lipschitz class of constants po and Mq, 
where Mq > and < po < po- Then iS. 9\) and i3.1U\) both hold with lo given 
by 

u{t)^C\\ogt\\ (3.12) 
defined for t < \, where 7 > and C > only depend on Mq, Mq, Mi and 

Proposition 3.5. Let f2i and ^2 two bounded domains satisfying i2.3\) . Then 
there exist two positive numbers dQ, pQ, with po < po, such that the ratios 
^ only depend on n, Mq and a such that, if 

dn{Th,Th) < dQ, (3.13) 

then there exists Mq > only depending on n, Mq and a such that every 
connected component of fli D Q2 ho,s boundary of Lipschitz class with constants 
Po, Mo- 

We postpone the proofs of Propositions lXT] and [??^ to Section 4, while Propo- 
sitions and will be proven in Section 5. The proof of Proposition 13.51 is 
purely geometrical and can be found in [2]. 



Proof of Theorem \2.1\ Let us call 

d^du{dDi,dD2). (3.14) 
Let rj be the quantity on the right hand side of (|3.9p and (|3.10p . so that 

|Vui|2<r;, 

(3.15) 

Di\D2 

We can assume without loss of generality that there exists a point xi E dDi 
such that dist(a::i . 91)2) = d. That being the case, we distinguish two possible 
situations: 

(i) Bdixi) C D2, 

(ii) Bd{xi)nD2 = 9. 

In case (i), by the regularity assumptions on dDi, we find a point X2 € D2 \ Di 

1 



such that Btd{x2) C D2\Di, where t is small enough (for example, t — . 

suffices). Using p.Sp . with p = — we have 



\Vui\'^dx > 
Bp(x2) exp 



cp; 



Tt-2 



gf 1 . (3.16) 
y"H2(r) ^ ' 
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By Proposition 13.31 we have: 



> 



C 



'h2 (r) , 



exp 



(3.17) 



and solving for d we obtain an estimate of log-log-log type stability: 



d < Cpo < log 



log 



log- 



'h2 (r) 



(3.18) 



oil 1 : this is not restrictive since, for larger values of e, the 
"H^(r) 



provided e < e 

thesis is trivial. If we call do the right hand side of p.lSp . we have that there 
exists eo only depending on n, Mq, Mi and F such that, if e < eo then d < do. 
Proposition 13.51 then applies, so that G satisfies the hypotheses of Proposition 
13.41 This means that we may choose oj of the form p.l2p in (|3.17p , obtaining 
(|3.9p . Case (ii) can be treated analogously, upon substituting ui with U2- O 



4 Proof of Proposition 13.1 



The main idea of the proof of Proposition 13.11 is a repeated application of a 
three-spheres type inequality. Inequalities as such play a crucial role in almost 
all stability estimates from Cauchy data, thus they have been adapted to a 
variety of elliptic PDEs: in the context of the scalar elliptic equations (see [2]), 
then in the determination of cavities or inclusions in elastic bodies ([E], |18) ) 
and more in general, for scalar elliptic equations ([5]) as well as systems ([15]) 
with suitably smooth coeflticients. We recall in particular the following estimate, 
which is a special case of a result of Nagayasu, Lin and Wang (^ISj), dealing 
with systems of differential inequalities of the form: 



|AV|<i^o 

l"l<[f] 

Then the following holds (see ^^): 



(4.1) 



Theorem 4.1 (Three spheres inequality.). Let E C M" he a hounded domain 
with Lipschitz houndary with constants po, Mo- Let Bji[x) a hall contained in 
E, and let u £ H^'(i?) he a solution to (^TTp. Then there exists a real numher 
•d* G (0, e^^/^), depending only on n, I and Ko such that, for all < ri < r2 < 
t9*r3 with rj, < R we have: 



u\^dx<c(^l \u\'^dx^^(^l \u\'^dx^ 



l-<5 



(4.2) 



where 5 G (0, 1) and C > are constants depending only on n, I, Ko, ^ ano 
and the halls Br are centered in x. 
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First, we show that Proposition 13.21 follows from Proposition 13. II 
Proof of Provosition [KM From Proposition 13 . 1 1 we know that 

\Wu,fdx >Cp I _\'^Ui\'^dx, 

Bp{x) Jn\Di 

where Cp is given in (|3.7p . We have, using Poincare inequality (|2.20p and the 
trace theorem, 

l^_\Vu,fdx > Cpo"-'ll"dl^.(o\S-) > ^^r'llffllHi(an)- (4.3) 

Applying the above estimate to p.6p and using (|2.13p will prove our statement. 

□ 

Next, we introduce a lemma we shall need later on: 
Lemma 4.2. Let the hypotheses of Provosition [XT] be satisfied. Then 

C 

\\uh^(E) > -^Po||Vu||l2(£;) (4.4) 

where C > only depends on n, Mq and Mi. 

The proof is obtained in |18) . with minor modifications. We report it here 
for the sake of completeness. 

Proof. Assume po — 1, otherwise the thesis follows by scaling. The following 
trace inequality holds (see pUU Theorem 1.5.1.10]): 

\\u\\-LHaE) < C{\\Vu\\l^2(^E)\\u\\■L^E) + I1m|Il2(£;))' (4-5) 

where C only depends on Mq and Mi . Using the Poincare inequality (|2.20p , we 
have 



< cf^. (4.6) 

This, together with (|2.19p . immediately gives the thesis. □ 

A proof of Proposition 13.11 has already been obtained in JTSl dealing with 
linearized elasticity equations; we give a sketch of it here, with the due adapta- 
tions. 

Proof of Provosition We outline the main steps taken in the proof. First, 
we show that the three spheres inequality (|4.2p applies to Vu. Then, the goal 
is to estimate ||Vm||l2(£;) by covering the set E with a sequence of cubes Qi 
with center qi of "relatively small" size. Each of these cubes is contained in a 
sphere S'i, thus we estimate the norm of Vit in every sphere of center qi, by 
connecting qi with x with a continuous arc, and apply an iteration of the three 
spheres inequality to estimate || Vu||l2(5.-) in terms of || Vii||L2(^^(2,-)-). However, 
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the estimates deteriorate exponentially as we increase the number of spheres 
(or equivalently, if the radius p is comparable with the distance of x from the 
boundary) giving an exponentially worse estimate of the constant Cp. To solve 
this problem, the idea is to distinguish two areas within E^p, which we shall call 
Ai, A2. We consider Ai as the set of points y G Egp such that d\st{y,dE) is 
sufHciently large, whereas A2 is given as the complement in Egp of Ai. Then, 
whenever we need to compare the norm of Vu on two balls whose centers lie in 
A2, we reduce the number of spheres by iterating the three spheres inequality 
over a sequence of balls with increasing radius, exploiting the Lipschitz charac- 
ter of dE by building a cone to which all the balls are internall tangent to. Once 
we have reached a sufficiently large distance from the boundary, we are able to 
pick a chain of larger balls, on which we can iterate the three speres inequality 
again without deteriorating the estimate too much. This line of reasoning allows 
us to estimate the norm of Vu on any sphere contained in -Esp, thus the whole 
I|Vm||l2(£;)- 

Step 1. If u E H^(£') solves hS.l]) then the three spheres inequality ^4-^ 
applies to Vu. 

Proof of Step 1. We show that u can be written as a solution of a system of 
the form (|4.1|) . By Theorem 12.21 we have u e fP{E) so that we may take the 
laplacian of the second equation in : 

Adiv w = 0. 

Commuting the differential operators, and recalling the first equation in 

Ap = 

thus p is harmonic, which means that, if we take the laplacian of the first 
equation in (|l.ip we get 

A^u = 0, 

so that Vm is also biharmonic, hence the thesis. □ 

In what follows, we will always suppose po = 1: The general case is treated 
by a rescaling argument on the biharmonic equation. We closely follow the 
geometric construction given in |18j . In the aforementioned work the object 
was to estimate ||Vii|j, by applying the three spheres inequality to Vu (the 
symmetrized gradient of u); in order to relate it to the boundary data, this 
step had to be combined with Korn and Caccioppoli type inequalities. Here the 
estimates are obtained for ||Vm||. 

From now on we will denote, for z e R", ^ G M" such that |^| = 1, and z9 > 0, 

C(z,e,i?) - (a; e R" s.t. ^""^ ]^ > cos^] (4.7) 
L |a; — z| J 

the cone of vertex z, direction ^ and width 2^. 

Exploiting the Lipschitz character of dE, wc can find i!)q > depending only 
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on Mo, i^i > 0, X > 1 and s > 1 depending only on Mq and n, such that the 
following holds (we refer to [18] for the explicit expressions of the constants i9o, 

X, s, and for all the detailed geometric constructions). 
Step 2. Choose < i9* < 1 according to Theorem \4-l\ ■ There exists Jj > 0, 
only depending on Mq, Mi and F , such that: 

IfO<p<p, and X ^ E is such that sp < dist{x,dE) < then there exists 
X €z E satisfying the following conditions: 

(i) B._^{x)(lC{x,en = ^,'Do)r^B^{x)cE, 

(a) Let X2 = x + p{x+ l)en- Then the balls Bp{x) and B^p{x2) are internally 
tangent to the cone C{x,en,'&i). 

The idea is now to repeat iteratively the construction made once in Step 2. 
We define the following sequence of points and radii: 

pi = p, pk^XPk-i, for fc > 2, 

xi = X, Xk = Xk-i + (pfc-i + Pfe)e„, for k>2. 

We claim the following geometrical facts (the proof of which can be found again 
in [18], except the first, which is Proposition 5.5]): 

There exist < Hq < 1/4 only depending on Mq, p > only depending on 
Mq, Ml and F, an integer k{p) depending also on Mq and n, such that, for all 
h < Hq, < p < p and for all integers I < k < k{p) ~ 1 we have: 

1. Eh is connected, 

2. Bp^ixk) is internally tangent to C{x,em'&i), 

3. B sxPk (xk) is internally tangent to C(i, e„, iJo); 
4-. The following inclusion holds: 

B,,,{xk) (Z B^{x), (4.8) 

5. k{p) can be bounded from above as follows: 

fc(p)<log^ + l. (4.9) 
bp 

Call pk(^p) = x''''''^~^ PI from (|4.9p we have that 

PHP) < (4-10) 



In what follows, in order to ease the notation, norms will be always understood 



as being norms, so that |1 • ||;7 will stand for 
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step 3. For all < p < p and for all x G E such that sp < dist(a:;, dE) < — , 
the following hold: 

^^t¥^<^f^%^V > (4.11) 

gk{p)-l 

livulu - ^ ) ' ^^-^^^ 

where C > and < < S < I only depend on Mq . 

Proof of Step 3. We apply to Vm the three-spheres inequahty, with balls of cen- 
ter Xj and radii = pj, r^ — SxPjj ^3 = '^XPjj for all j — 1, . . . , — 1. Since 
B^3+i{xj^i) C B^j{xj), by the three spheres inequality, there exists C and 
only depending on Mq, such that: 

(4.13) 



This, in turn, leads to; 



IIVmIIb - \^ IIVmIIb 
for all j = 0, . . . k{p) — 1. Now call 

= llv.lU ■ 

so that (|4.14p reads 

mfe+i < Cml^ \\^uf-^\ (4.15) 
which, inductively, leads to 

niN < Cm^, (4.16) 

where C = C^+''^+-+'^^"""'. Since < < 1, we have 1 -hJ^ + ' ' ' + ^x*"^"^ < 
and since we may take C > 1, 

C'<C^. (4.17) 

Similarly, we obtain (|4.12p : we find a < (5 < 1 such that the three spheres 
inequality applies to the balls Bp.(xj), B^p.{xj) B^p.^Xj) for j = 2, . . . ,k{p); 
observing that Bp^(^^._^-^ C B^p^ (xj), the line of reasoning followed above applies 
identically. □ 
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step 4. 

For all < p < p, and for every x e E^p we have 



A + B log - 

5v 



|V?/|1b - llVull 



Proof. We distinguish two subcases: 
('zj. a; is such that dist{x,dE) < 
(ii). X is such that dist(i,9i?) > 

Proof of Case (i). Let us consider 5, we introduced in Step 3. Take any 

point y € E such that sp < dist{y,dE) < By construction, the set Er^p^^^-^ 

w 

is connected, thus there exists a continuous path 7 : [0, 1] — > Er^p^^^^ joining 

Xk(p) to yk{p)- We define a ordered sequence of times tj, and a corresponding 
sequence of points Xj = j{tj), for j = I, . . . ,L in the following way: ti — 0, 
tL = 1, and 

= ma.x{t e (0, 1] such that \j{t) - Xi\ ^ '^Pkip)} , if \xi - yk{p) \ > '2pk{p), 

otherwise, let fc = L and the process is stopped. Now, all the balls Bp^^^^{xi) 
are pairwise disjoint, the distance between centers \xj+i — Xj\ = 2p^p^ for all 
j = 1 . . .L — 1 and for the last point, \xl — yk{p)\ ^ '2Pk(p)- The number of 
points, using (|2.4p . is at most 

^"Pk(p) 

Iterating the three spheres inequality over this chain of balls, we obtain 



l|Vw|U - \^ \\^U\\E 

On the other hand, by the previous step we have, applying (|4.1ip and (|4.12p for 
X = X and x = y respectively. 



5fc(p)-i 



"^"''-^(^'<C(^T^^^^ , (4.22) 
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where C, as before, only depends on n and Mq. Combining (|4.20p . (|4.21l) and 
(|4?22)) . we have 

/ \ ^fc(p)-i5fc(p)+i-i 



llVwb - \^ \\S/u[ ^ 

for every y S iJ^p satisfying dist(y, < Now consider y € E such that 
dist(y,a£;) > 2^. Call 

f^^Pkip)- (4.24) 
By construction (|4.10p and (I4.8P we have 

dist(x,(,),ai?)>^>-^r~, (4.25) 

dist(y,5£;)>^>|:f, (4.26) 

and again Ej^f is connected, since f < Pfe(p) . We are then allowed to join a;fe(p) 
to y with a continuous arc, and copy the argument seen before over a chain of 
at most L balls of centers Xj € E_5^f and radii f, 3f, 4f, where 

L < i^L. (4.27) 

Up to possibly shrinking p, we may suppose p < f; iterating the three spheres 
inequality as we did before, we get 

which, in turn, by (|4.2ip and since p < f < Pk{p), becomes 

with C depending only on A/q and n. The estimate (|4.29p holds for a\\ y ^ E 
such that dist(y,5£;) > ^. We now put (gH), (gSl), (14:231) . (l4A9ll (l4:27| 

together, by also observing that 5^ — ^ ^'^d trivially < 1, we obtain 

precisely (|4.18p . for p <]}, where C > 1 and B > only depend on Mq, while 
A> only depend on Mg and Mi. 

Proof of Case (ii). We use the same constants S and introduced in Step 3. 
Take p < p, then Bsp{x) C B;b±_ {x), and for any point x such that |a; — a;| sp, 

16 

we have B^{x) C -E. Following the construction made in Steps 2 and 3, we 
choose a point x^p-^ e E_^p^^ ^, such that 

"^""^''MP)(^'=<'')) < ^/^ ^^^k(£) y'"' \ (4.30) 



\^u\\e - \ l|V?i|| 
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with C > 1 only depending on n, Mq. li y G E is such that sp < dist(?/, dE) < 
then, by the same reasoning as in Step 4.(i), we obtain 

^ ' (4-31) 

with C > 1 again depending only on Mq. If, on the other hand, y & E is such 
that dist(y, dE) > taking r as in (|4.24p . using the same argument as in Step 
4.(i), we obtain 

^fc{p)-l gL 



IVullp; - \ IIVwl 



E 



where again C > 1 only depends on Mq. From (|43T|) . (|432)) . (|4TT9)) . (|4?27l) and 
(|4.9p . and recaUing that, again, 5^ < (5, and ^^'^^^[^^."J"' < 1, we obtain 



A + B log - 
<5^ 



< C " „^ 7^ ^ , (4.33) 

where C > 1 and B > only depend on Mq, while A> only depends on Mq, 
Ml. □ 

Step 5. For every p < p and for every x G Esp the thesis \3. 6\) holds. 

Proof of Step 5. Suppose at first that x £ Egp satisfies dist(a;,9i?) < We 
cover i?(s+i)p with a sequence of non-overlapping cubes of side I = so that 
every cube is contained in a ball of radius p and center in Esp. The number of 
cubes is bounded by 

irilnt Mint 



(2p)" - (2p)» • 
If we then sum over fc = to in (I4.18P we can write: 

Here C depends only on Mq. Now, we need to estimate the left hand side in 
(|4.34p . In order to do so, we start by writing 



(4-35) 

liVulU \\Vu\\e ^ ' 

By Lemma 14.21 and the Holder inequality, 

° (4'!36) 
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On the other hand, by the Sobolev and the Poincare inequahties: 

M^^^^^ < C\\u\\^i^^^ < C\\u\\e < C\\Vu\\e. (4.37) 
It can be proven (see [51 Lemma 5.7]) that 

\E\E^,+,)p\<Cp, (4.38) 
where C depends on Mq, Mi and n. We thus obtain that 



VmII 

<CF^|S\^(s+i)p|"- (4.39) 



IIVwIIb 

Therefore, combining (|4.39p and (14. 38^ . we have that for p < p, 



\\^u\\e 

which, inserted into ()4.34p yields 



" < TT, (4.40) 



B,{x) 



Since for ah t > we have | logi| < i, it is immediate to verify that p.6p holds. 
Now take x e Esp such that dist(a;, i9ii^) > Then Bsp{x) C B^{x), then 
for any point x such that — i| = sp, we have Bi)^(x) d E. Following the 
construction made in Steps 2 and 3, we choose a point x^jp) g E_5_p^^ ^ , such 
that 

-""[-Wat) ' ^'-''^ 

with C > 1 only depends on n, Mq. 

If y S £■ is such that sp < dist{y,dE) < then, by the same reasoning as in 
Step 4, we obtain 

/ \ gk(p}-lgk(p) + L-l 



IIVmIIb - \^ llVwiiB ^ 

with C > 1 again depending only on n and Afo. If, on the other hand, y G E is 
such that dist(y, dE) > taking r as in (I4.24p . using the same argument as 
in Step 4, we obtain 
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where again C > 1 only depends on n and A/q. From (g^H) , (HZSl) , (HUll) , dOZ]) 
and (j4.9p . and recalling that, again, (S^ < S, and 



ilVnll 



I!Vu|1e 

^ + B log - 



< 1, we obtain 



IVmI 



Bpiy) 



iVwl 



<c 



Bpix) 



iVull 



(4.44) 



where C > 1 and i? > only depend on n and Afp, while A > only depends 
on n, Mq, Ml. The thesis follows from the same cube covering argument as in 
Step 4. □ 



Conclusion. So far, we have proven (|3.6|) true for every p < p, and for every 
X S i?sp, where p only depends on Mq, Mi and F. E p > p and x e -E^p C i?sp, 
then, using what we have shown so far. 



Vu||b^(2) > ||V?i||B-(2) > C\\Vu\\e, 



(4.45) 



where C again only depends on n, Mq, Mi and F. On the other hand, by the 
regularity hypotheses on E, it is easy to show that 



diam(r2) C* 

p < < — 

^ - 2s -2s 



thus the thesis 



is trivial, if we set 



c 



Bp(x) 



exp 



C = Cexp 



A 



(4.46) 



□ 



5 Stability of continuation from Cauchy data. 

Throughout this section, we shall again distinguish two domains fli = il\ Di 
for i = 1,2, where Di are two subset of f2 satisfying (|2.6|) to (|2.9|) . We start by 
putting up some notation. In the following, we shall call 

Ul^ixC^Tli s.t.dist(a;, dVi) < p}. 

The following are well known results of interior regularity for the bilaplacian 
(see, for example, (TB], [TU]): 

Lemma 5.1 (Interior regularity of solutions). Let Ui he the weak solution to 

\1.1\ in Then for all < a < 1 we have that Uf € C^''^{fli \ Ul^) and 

a 

8 
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\\ui - M2|lci.-(nTnnj) < C'blljj^^p) (5.2) 
where C > only depends on a, Mq. 

Proof. Using standard energy estimates, as in Theorem 12.21 it follows that 

\\u.\\uHn.,<C\\g\\^.^,^y (5.3) 

On the other hand, using interior regularity estimates for biharmonic functions, 
we have 

~g~ TB" 

where C > only depends on a and Afo- Combining (|5.3I) . (|5.4p . and recalling 
l|2.13p . immediately leads to (15.11) . As for (|5.2p . we observe that ui — U2 = 
on r (actually, on dfl); therefore, the C^'" norm of ui — U2 in UIq n f7|o can 

2 2 

be estimated in the same fashion; using (|5.ip in the remaining part, we get 
lEl. □ 



We will also need the following lemma, proved in [2]: 

Lemma 5.2 (Regularized domains). Let D, be a domain satisfying 112. 3\) and 

{2.4 ), and let Di, for i — 1,2 be two connected open subsets of fl satisfying 

i2.8]) . I12.9\) . Then there exist a family of regularized domains C ri, for 



< h < apo, with boundary of constants po, Mq and such that 

A C D'l' C D'l' tfO<hi< h2] (5.5) 

7o/i < dist(a;, dDi) < jih for all x e dD^] (5.6) 

meas(i^f \ A) < l2Miplh- (5.7) 

meas„_i(5Df ) < Iz^hpl; (5.8) 
and for every x G dD^li there exists y G dDi such that 

\y-x\=dist{x,dD,), \,y{x) - iyiy)\ < (5.9) 

PQ 

where by v{x) we mean the outer unit normal to dD^ , v{y) is the outer unit 

normal to Di, and the constants a, jj , j — . . .4 and the ratios ^ only 
depend on Mq and a. 

We shall also need a stability estimate for the Cauchy problem associated 
with the Stokes system with homogeneous Cauchy data. The proof of the fol- 
lowing result, which will be given in the next section, basically revolves around 
an extension argument. Let us consider a bounded domain E C M" satisfying 
hypotheses (|2.3p and ()2.4p . and take F C dE a connected open portion of the 
boundary of class C^'" with constants pQ, Mq. Let Pq G T such that (|2.5p holds. 
By definition, after a suitable change of coordinates we have that Pq — and 

EnBp„{0) = {ix',x„) e E s.t.Xn > ifix')} C E, (5.10) 
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where ip is a. C^'"(i?p^^(0)) function satisfying 

^(0) = 0, 
|V¥>(0)| =0, 

Il'^llc2.°(i3' (0)) < Mopo. 



Define 



Po 

Poo - 



Vl+W (5.11) 

To = {(x',X„) e r S.t. \x'\ < Poo, Xn = ifiix')}. 

Theorem 5.3. Under the above hypotheses, let {u,p) be a solution to the prob- 
lem: 

div a{u,p) =0 in 

div u ~ in E, /c i o^ 

u =0 on r, ^^-^^^ 
ij{u^p) ■ V =-0 on r, 

where ip £ H^^(r). Let P* — Pq + where v is the outer normal field to 
dfl. Then we have 

Po 

where C > and r only depend on a and Mq . 

Proof of Provosition \3.3\ Let 9 ~ minja, 2jo(i+m'^) ^ '^tiere a, 70, 71 are 
the constants depending only on Mq and a introduced in Lemma I5.2[ then 
let p = Opo and fix p < p. We introduce the regularized domains Df[, 
according to Lemma [5.21 Let G be the connected component of \ {Di U D2) 
which contains and be the connected component of f2 \ {Dl U D2) which 
contains dVl. We have that 

D2\Wi^n^\G^{{D{\Dl)\G)\j{{n\GP)\D{) 

and 

d{{n\Gn\D{)^T{\JTP2, 
where = 91)^ n dGP and C dD{. It is thus clear that 



_ _ 1 

DaXd Jn^XG J(Dl\Di)\G J {n\GP)\D^ 

(5.14) 

The first summand is easily estimated, for using ()5.ip and (|5.7p we have 

/ |V«ip<Cpr2||ff|P.^ (5.15) 

JiDP\Di)\G H^(l)po 
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where C only depends on the Mq, Mi and a. We cah Vl{p) ^ Gp) \ D^. 
The second term in (j5.14p . usmg the divergence theorem twice, becomes: 



/ |Vui|^ = / (Viii • — / Aui ■ ui 
Jn{p) Jdn(p) -j^Xp) 



90(p) Jn{p) Jdn{p) Jdn(p) 



{\Iui-v)ui+ i (Vui • + / pi{ui ■ v) + I pi{ui-v). 
r? Jr? Jrf Jr? 



(5.16) 



About the first and third term, if a; G F^, using Lemma 15.21 we find y G dDi 
such that |y — x| ~ d{x,dDi) < jip; since ui{y) — 0, by Lemma [5. II we have 

\m{x)\ = \mix) - m{y)\ < , (5.17) 

po H7(r) 

On the other hand, if x G T2, there exists y £ D2 such that |?/ — — d{x, 9I?2) < 
7ip. Again, since U2{y) — 0, we have 

\ui{x)\ < \ui{x) - ui{y)\ + \ui{y) - U2{y)\ 

<C(-^||g|| , + max \w\) , ^^'^^^ 

where w — ui — U2- Combining (|5.17p . (|5.18p and (|5.16l) and recaUing (|5.ip and 
(|5.8p we have: 

/ |V?/ip <Cp^-2/'|| ||2 -^ + ||g|| i max (5.19) 

We now need to estimate maxgcp^gs^ We may apply (|4.2I) to since it is 
biharmonic. Let x G \ dil and 



16(1 + M2)^ 



2^0 = ^0 - Y^J^, (5.21) 



where v is the outer normal to dfl at the point Pq. By construction G i^p^ 



There exists an arc 7 : [0, 1] C \ 51 p;^ such that 7(0) = xq, 7(1) = x and 



7([0, 1]) C C \ flp^. Let us define a sequence of points {a;i}i=o...5 as follows: 

2 

to = 0, and 

U = max{t G (0, 1] such that \-f{t) - x^\ = ^"^^ } , if |xi - a;| > ^"^^ , 

otherwise, let z = 5 and the process is stopped. Here i9* is the constant given 
in Theorem 14.11 All the balls B -ygp-a* {xj) are pairwise disjoint, the distance 
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between centers \xi+i — Xi\ = ^°'lf for all i — 1 ... S — 1 and for the last point, 
|a^s ~ 2;| < '^"'^ . The number of spheres is bounded by 

V 



s<c(P^ 

V p ) 



where C only depends on a, Mq and M\. For every p < p, we have that, letting 

Pi = ' ^2 = — I — , P3 = 7opw 

an iteration of the three spheres inequality on a chain of spheres leads to 

\w\'^dx<c( I \w\'^dxV~^ ( I IwpdxV (5.22) 



where < 5 < 1 and C > only depend on Mq and a. From our choice of p 
and 1?*, it follows that i?-mp£* (xq) C Bp- [xq) C G n Sspi (P*), where we follow 

4 4 

the notations from Theorem 15.31 We can therefore apply Theorem 15.31 Let us 
call 

Using (f5T3l) . ([5?3| and (|2lll) on ([02|) we then have: 

/ \w\^dx<Cpr'\\g\\l, (5-24) 

The following interpolation inequality holds for all functions v defined on the 
bah Bt{x) C M": 



(5.25) 



iHk^(B,.)) < c[[ J^^^^^ H^) + X^^^^ nf ) 

We apply it to w in Bp^{x), using (|5.24p and (|5.ip we obtain 

ll^llL~(B,,(.))<c(^)*||ff||^.^^^^'^^^ (5.26) 
where 7 = Finally, from ([g?^ and ([STTg)) we get: 



£'2\£'l 



Now call 



( 1 /2^1og^xx 
exp(--exp(^^jj 

and 71 = min{p(, exp(— 7^)}. Choose p depending upon e of the form 

2glogH V" 
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We have that p is defined and increasing in the interval (0, e"-'^), and by definition 
^ — &P = 7^, are able to apply (I5.27P to (|5.14p with p = p(e) to 
obtain 

/ \vu^\'<cpr^gr^log\\og^\ (5.28) 

Jd2\Di H2(r) 
and since e^< exp(— 7'^) it is elementary to prove that 



logllogPI > ilog|log?l, 



so that (|5.28p finally reads 



with = log I log^l " defined for aU < t < e ^, and C depends on Mq, Mi 
and a. □ 



Proof of Proposition \3.4\ We will prove the thesis for ui, the case U2 being 
completely analogous. First of all, we observe that 

/ |Vmi|2</ \Wui\^^l {Vui-v)ui+ Pi{ui-v) 

Jd2\Di Jf2i\G Jd{ni\G) Jd{ni\G) 

(5.29) 

and that 

d{ni \ G) c dDi U (9L»2 n dG) 

and recalling the no-slip condition, applying to (|5.29p computations similar to 
those in (|5.14p . (|5.15p . we have 

/ |Vmi|^ < / (Vui-j/)w+ / Pi(wJ^)< 

Jd2\Di JdD2ndG JdDzndG 

where again w = ui — U2 and C only depends on a, Afp E^nd Mi. Take a point 
z € 9G. By the regularity assumptions on dG, we find a direction ^ G R", 
with 1^1 = 1, such that the cone (recalling the notations used during the proof 
of Proposition 13. ip G{z, ^, do) n Bpg (z) C G, where i^o = arctan -p^. Again (O 
Proposition 5.5]) Gp is connected for p < ^^^j^ with Hq only depending on Mq. 
Now set 

A = min I ^° ^2 ^2 \ 

. /sint9o\ 
Ui = arcsm — - — j , 

wi ^ z + Ai^, 

pi — z?*/ioAi sin-i?!. 
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where < ??* < 1 was introduced in Theorem 14.11 By construction, Bp^ {wi ) C 

C{z,£_,-di) n Bpg{z) and B4pi (wi) C C{z,£_,do) n Bpg{z) C G. Furthermore 

< p*, hence Bdpi c G, where p* and xq were defined by (15.20p and (15.2ip 
respectively, during the previous proof. Therefore, wi, xq G Gipi , which is 

connected by construction. Iterating the three spheres inequahty (mimicking 
the construction made in the previous proof) 

\w\^dx <C( \w\'^dx) ( / \w\^dx) (5.30) 

where < (5 < 1 and C > 1 depend only on n, and S < ^J^'p" ■ Again, since 
Bp* (xq) C G n -Sgpi (^o), we apply Theorem 15.31 which leads to 

\wf <Cp^\\g\\l^i'^, (5.31) 



H2 (r) 



where < /3 < 1 and G > 1 only depend on a, Mq, and ^ and e was defined 
in (j5.23l) . So far the estimate we have is only on a ball centered in wi, we need 
to approach z S dG using a sequence of balls, all contained in C{z,(^,'di), by 
suitably shrinking their radii. Take 



1 — sini?i 
^ ^ l + sini9i 



and define, for A: > 2, 



Pk = XPk-1, 

Wk ^ z + Xk^. 

With these choices, Afc = Ax'^^^Ai, pk = x'^'^Pi and Bp^^-^{wk+i) C B^p^{wk), 
B^p^ (wk) C G(z, i9o) n Bp„ (z) c G. Denote by 

d{k) = - zl - Pk, 

we also have 

d(fc)=x'"'rf(l), 

with 

d{l) = Ai(l-r siniJi). 

Now take any p < d{l) and let k = k{p) the smallest integer such that d{k) < p, 
explicitly 

^^<fc(p)-l<^;^ + l. (5.32) 
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We iterate the three spheres inequahty over the chain of balls centered in Wj 
and radii pj, 3pj, Apj, for j = 1, . . . , k{p) — 1, which yields 

\w\'<C\\g\\l. p-e'P'''''-\ (5.33) 

with C only depending on a, Mq and Using the interpolation inequality 
(|5?25|) and (fO)) we obtain 

I1^IIl-(Sp,,,,(-.(p))) ^ ^Hgl'H^(r) ^¥(fc(P)-i) ' ^^-^^^ 

where /3i = depends only on a, Mq, Mi and From (|5.34p and ()5.2p we 
obtain 

K^)l<CyiHi(r)[^ + -(M^j^ (5.35) 

Finally, call 

p(e) = d(l)|loge^M"'', 

with 

^ llogxl 
21og|<5r 

and let p ~ exp(— /?j^^). We have that p{e) is monotone increasing in the interval 
< e < /i, and p{p) — d{l), so p(e) < c?(l) there. Putting p = p(e) into (|5.35p 
we obtain 

/ \vu,\^ <cpr^\\gr . \\ogir^, (5.36) 

where C only depends on a, Afo and □ 



6 Proof of Theorem 15.3 



As already premised, in order to prove Theorem 15. 31 we will need to perform an 
extension argument on the solution to (jl.ip we wish to estimate. This has been 
done for solutions to scalar elliptic equations with sufficiently smooth coefficients 
([13]). Here, however, we are dealing with a system: extending u implies finding 
a suitable extension for the pressure p as well; moreover, both extensions should 
preserve some regularity they inherit from the original functions. Following the 
notations given for Theorem 15.31 we define 

MopI MopI 



QiPo) = B',J0) X 
We have: 



ro = dEnQ{Po). (6.1) 

We then call E' = Q{Pq) \E andE = EUE-U Fq. 
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Lemma 6.1 (Extension). Suppose the hypotheses of Theorem \5.3\ hold. Con- 
sider the domains E~ , E as constructed above. Take, furthermore, g € H^(9i?). 
Let (u,p) be the solution to the following problem: 

in E, 

P' (6.2) 
on 1 , ^ ' 

on r, 

Then there exist functions u € H^(i?), p G L'^{E) and a functional $ G H^^(i?) 
such that u = u,p = pinE and (Ujp) solve the following: 




(6.3) 



If 

then we have 



Au + Vp = $ in E, 
div u = in E. 



l-9llH^(r)+^oll^llH-^(r) 



l<f||„-M^)^^^- (6-4) 



where C > only depends on a and Mq . 

Proof. From the assumptions we made on the boundary data and the domain, 
it follows that {u,p) e ll^{E) x L'^{E). We can find (see [12] or [7]) a function 
u~ G H3(i;-) such that 

div = in E^ , = g on F, 

\\u-W,E-)<C\\g\\^.^^y ^^-^^ 

with C only depending on \E\. We now call 

= Alt", 

by our assumptions we have G H^(£'^). Let G H^{E^) be the weak 
solution to the following Dirichlet problem: 

Ap--div^^- =0 in E-, 
p- ^0 on dE~. 

We now define 

X-^F--Vp-. (6.7) 
This field is divergence free by construction, and its norm is controlled by 

\\X-h2^E-)<C\\g\\^.^^^ (6.8) 
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We thus extend {u,p) as follows: 



P = 



u in 

u~ in E~ 

p in E, 
in 



We now investigate the properties of the thus built extension {u,p). Take any 
V & Hj(i^), we have 



(Vw + (Vw)-' -pi) • Vw = 

' (6.9) 

= I {Vu + (Vu)'^ - p I) • Vv + / (Vu" + (Vw^)"^ - I) • Vw. 

About the first term, using (11.11) and the divergence theorem we obtain 



(Vw + (Vm)-' -pi) • Vw = / V • (6.10) 
E Jr 

Define ^i{v) — J-^tp ■ v ior all v £ HKE). Using the decomposition made in 
(|6.7p on the second term, we have 



J E- 



{Vu^ + [Vu^ f - p^ I) ■ vv - i div (Vu" + (V-u")'^ -p" I) • w = 
r JE- 

(Vw" + {Vu^ f) -vv-j (Alt" - Vp") • V = 
V Je- 

(6.11) 



where we define for all v e H^E) the functionals 

$2(w) = J i^u- + (Vu-f) ■ vv, 
$3(t') = - / X- -v 

J E- 

We can estimate each of the linear functionals $i, $2 and $3 easily, for we have 
(by (|6.10p and the trace theorem): 

\'^i{v)\ < ||^|l^_.^^^||HlHi(r) < Cpoim^-^^^^Mu^^E-), (6.12) 

moreover (using (|6.1ip and (|6.5p ) 

|'i>2(t')| < ||Vu||L2(r)IM|L^(r) < C\\g\\^i^^^\\v\\tmE~), (6.13) 
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and, at last, by 

|$3(«)| < ll^"llL^(i=;-)ll^'llL^(iJ-) < C\\g\\^i^^^\\v\\uHE-)- (6.14) 

Then, defining $(t;) = $i(w) + $2(w) + $3(w) for all v G Hj(£'), putting together 
((O0| . (|6lT|) . ((61^ . ((Otl) and ((6ll| . we have (EH). □ 

Proof of Theorem \5.S[ Consider the domain E built at the beginning of this 
section, and take u the extension of u built according to Theorem 16.11 By 
linearity, we may write u — uq + w where {w, q) solves 

divo-(w, g) = $ in E, (6.15) 

and w e Hj(i?), whereas (uo,po) solves 

div(T(wo,po) =0 va E, 

uo = on r, (6.16) 
o-(iio,_po) • =="0 on r. 

Using well known results about interior regularity of solutions to strongly elliptic 
equations 

\WnK^(Bt{x)) < i"^l|wo||L2(Ba^))- (S-i'') 

It is then sufhcient to estimate ||u||L2(B(a;)) for a "large enough" ball near the 
boundary. Since (see the proof of Proposition 13. ip A^uq = 0, we may apply 
Theorem 14.11 to uq- Calling ri = r2 = and r^ = poo we have (under- 
standing that all balls are centered in P* ) 

||wo||L2(i3,j <C\\M\h(B,^)\\M\v/(B^,^y (6.18) 

Let us call ?7 = po||'*/'|| -^ , By the triangle inequality, ()6.5p and (15.3P we have 
H 2 (r) 

that 

||'"o||l2(b,) < ||u||l2(b,o + < + Cr/, (6.19) 

for r = ri,r3; furthermore, we have 

PllL2(i3,2) < ho||L2(i3,J + |k|lL2(i3,2) < \\uo\\l.HBr^) + C**?- (6.20) 

Putting together (jglB . (H^Ol), and recalling JO]) and ([^1^ we get 

<Cij + C(||u||l2(b„J + C77)^(||u||L2(B„3nB) + Ci^f'^ < (6.21) 

□ 
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